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Abstract
A new phase of temporal evolution of the one-dimensional self-
gravitating system is numerically discovered. Fractal structure is dy-
namically created from non-fractal initial conditions. Implication to
astrophysics and mathematical physics is discussed.
1 Introduction
One-dimensional self-gravitating systems is a simplified model of gravita-
tional many body system. The system represents the motion of parallel
flat mass sheets interacting each other through Newtonian gravity. Since
its equation of motion can be solved piecewise exactly during each interval
between collisions, numerical integration of the system is particularly sim-
ple. Hence the system is used to study long-time behavior and relaxation
process of gravitational systems [HF67, LSR84, Mil96, TGK97]. In addi-
tion, one-particle distribution for canonical and microcanonical ensemble is
obtained [Ryb71].
Yamashiro et al. studied this model numerically to investigate relaxation
process of elliptical galaxies [YGS92]. According to the virial theorem the
∗hiroko@allegro.phys.nagoya-u.ac.jp
†tkonishi@allegro.phys.nagoya-u.ac.jp
1
virial ratio Vr ≡ 2Ekin/Epot for this model is expected to relax to 1. They
chose initial conditions with 10−3 ≤ Vr ≤ 1. Typical feature of the system
they described is shown in Fig. 1, where a snapshot of distribution in (x, u)
space (µ-space) is shown. We can see a big cluster is formed.
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Figure 1: Particle distribution in µ-space of the model (1) for N = 210,Vr =
0.1. One big cluster is formed and fractal structure is not present. E=0.25,
Time=9.375.
While their main concern was the process of relaxation, they also noted
that initial conditions with smaller virial ratio ( typically Vr < 10
−3 ) did
not guarantee the relaxation within their CPU time. They also observed
formation of lumped structure as observed in [HF67], which are quite different
from the one shown in Fig. 1. Anomaly in relaxation for small value of Vr is
also pointed out in [RJM88].
We extend their study to the region Vr → 0 and found that there is a new
phase of evolution where a fractal spatial structure is spontaneously created.
We would like to stress that the fractal structure is created even when the
initial condition is not fractal (typically uniformly random). We also note
that not all the initial conditions lead to fractal structure.
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In this letter we report the discovery of this novel phase. In the next
section we describe the model. We present the numerical results in section
3, and the final section is for summary and discussions.
2 Model
The one-dimensional self-gravitating system (also known as ‘mass-sheet model’)
consists of N equivalent flat sheets of constant mass density. The sheets are
infinitely extended in the y and z direction and are aligned parallel to each
other and move in the x direction.
If we suppose the sheets interact with Newtonian gravity, the Hamiltonian
of the system reads
H =
N∑
i=1
p2i
2m
+ 2πGm2
∑
i>j
|xi − xj | , (1)
where pi = mui. (ui is the velocity of the sheet i .) We set m = 1/N so that
the total mass is unity, and 4πG ≡ 1. Time is measured in the unit
tc ≡ 1/
√
4πGM/L
where M ≡ mN is total mass, L is the spatial length on which particles are
distributed initially. tc is called ‘crossing time’ and is a typical time for a
particle to traverse the system.
With this Hamiltonian, the equation of motion reads
x¨i =
1
2N
(NR −NL) (2)
where NR and NL are number of sheets which are on the right and left of the
sheet i , respectively.
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Eq. (2) indicates that the force acting on each sheet is constant until a
collision occurs between two sheets. Hence we can exactly integrate the equa-
tion of motion (2) between every two collisions. This fact greatly enhances
the usefulness of this model.
3 Numerical results : structure formation
Fig. 2 show the evolution of the system (1) with N = 215. Initial condition
is chosen to be Vr = 0 as xi = uniformly random ∈ [0, 1] and ui = 0.
That is, each sheet is placed randomly with zero velocity dispersion. The
figures represent particle distribution in (x, u) space (µ-space). In the course
of time evolution we see that fractal structure is formed. In Fig.3 we show
box counting dimension of the µ-space distribution shown in the bottom of
Fig. 2. Dimension is D = 1.1.
Fig. 4 is a two-body correlation function ξ(r) at t = 9.375 in Fig. 2. ξ(r)
is defined as
dP = ndV (1 + ξ(r)) (3)
where dP is probability to find a sheet in a volume dV at distance r apart
from a sheet, and n is the average number density. We can see clear power-
law behavior in ξ(r) in Fig. 4.
This power-law correlation is also formed if we modify the initial condition
as xi = uniformly random ∈ [0, 1] and ui = a sin 2π(xi − 1/2), as shown in
Fig. 5. In this initial condition initial velocity of each particle is uniquely
determined by the initial position of the particle, hence there is no velocity
dispersion.
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Figure 2: Formation of fractal structure. Initial condition : xi : uniformly
random in [0,1], ui = 0 , N = 2
15. Time are 2.34375,4.6875,7.03125, and
9.375.
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k: number of division for length = 2^k
box-counting dimension for (x,v) space
x+3
x*1.11+1
x+1
"< awk ’{print $1,log($3)/log(2)}’ n15-011-bc2d-2.data"
Figure 3: Box counting dimension of the µ-space distribution shown in the
bottom of Fig.2. Horizontal axis represents index of division k of the phase
space, i.e., 2-dimensional µ-space is divided into 22k of equal square cells
whose length ℓ of the side is proportional to 2−k. Vertical axis represents
log
2
of number n(k) of the cells which contain at least one particle. Sample
orbits with the same class of initial condition with different random number
gives dimension D = 1.1 ± 0.04 for 24 samples. Lines with D = 1 are also
shown for comparison.
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Figure 4: two-point correlation function ξ(r) for t = 9.375 in Fig. 2. These
two figures are identical except for the range of vertical axes. Exponent α of
ξ ∝ r−α is α = 0.20± 0.03 for 24 samples.
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Figure 5: Distribution in (x, u)-space (left) and correlation function ξ(r)
(right) for initial condition xi : uniformly random in [0,1], ui = 0.1 sin 2π(xi−
1/2) , N = 212. t=6.25. Boxcounting dimension is D = 0.95 ± 0.02 for 24
samples. Exponent α of the correlation function ξ ∝ r−α is α = 0.33± 0.06
for 24 samples.
If we slightly increase the virial ratio from 0, the power-law correla-
tion is not created. Fig. 6 show the µ-space for an initial condition xi =
uniformly random ∈ [0, 1] and ui = uniformly random ∈ [−0.01, 0.01]. Here
we see that fine structure observed in Fig. 2 is no longer observed. Flatness
of two-point correlation function ξ(r) in Fig. 7 supports the impression that
structure here is not fractal but just made of lumps with constant density.
This type of state is also observed in [HF67] and [YGS92].
The fractal structure seen in Fig. 2 is not a stationary state. As shown
in Fig. 8, the fine structure once created is gradually dissolved into large
clusters. The reason for the destruction of this structure is not clear now.
4 Summary and discussions
In this letter we have shown that there is a new phase in the evolution of one-
dimensional self-gravitating system where the system creates fractal spatial
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Figure 6: Example for VR 6= 0. Fractal structure is not formed. Initial
condition : xi : uniformly random in [0,1], ui = random ∈ [−0.01, 0.01] ,
N = 215. Time = 9.375.
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Figure 7: two-point correlation function ξ(r) for t = 9.375 in Fig. 6. These
two figures are identical except for the range of vertical axes.
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Figure 8: Continued from Fig. 2. Time=93.75.
structure from non-fractal initial conditions. This novel phase appears for
initial conditions with small virial ratio. The structure is also formed for
zero velocity dispersion ( i.e., ‘cold’ condition). Other initial conditions with
large virial ratio do not lead to this phase.
As far as we observed, this phase is not a stationary state. Whether or
not this transiency is a real one or an artifact caused by, for example, our
computational limitation ( finiteness of number of particles and so on ) is
not clear now.
Several studies revealed that two-point correlation function of young stars
in star-forming regions obey power-law [Lar95, NTHN98]. The fractal struc-
ture we have found may be accounted for an origin of the power-law. Also it
is a subject of future study if the phase can be found in other systems, such
as galaxies in the course of evolution.
Similar structure is observed in a model with expanding universe [RJF91,
TM00]. It will be an interesting subject to examine the effect of expanding
universe on the structure formation.
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We would like to stress the importance of the fact that, to create fractal
structure, it is not necessary for initial conditions to be fractal. Fractal struc-
ture does not have characteristic spatial scale, nor does Newtonian potential.
Hence it may not be so surprising that fractal structure can be found in
systems interacting with Newtonian potential. However the relation between
these two scale-free objects, Newtonian potential and fractal structure, are
still unknown. If the initial condition is fractal, since the Newtonian interac-
tion does not have characteristic length scale, the self-similar property of the
initial condition would be conserved. In fact, initial conditions with exact
self similarity (e.g., Cantor set) evolve in time while keeping the self-similar
spatial structure. On the other hand, we have found that non-fractal initial
conditions also leads to fractal structure, hence in this case the structure is
created by the dynamics itself.
The search for the mechanism why the fractal structure emerges will
be quite interesting. The emergence is interesting because it is an asymp-
tote to scale-free behavior. The emergence is also unique in that this is a
structure formation in conservative system against the tendency to thermal
relaxation [KK92, KK94].
We would like to thank Naoteru Gouda for valuable comments and dis-
cussions, and Yuji Masutomi for useful discussions. We also thank Toshio
Tsuchiya for advice on numerical methods.
References
[HF67] Frank Hohl and Marc R. Feix. Numerical experiments with a
one-dimensinoal model for self-gravitating star system. The As-
10
trophysical Journal, 147:1164–1180, 1967.
[KK92] T. Konishi and K. Kaneko. Clustered motion in symplectic cou-
pled map systems. J. Phys., A 25:6283 – 6296, 1992.
[KK94] K. Kaneko and T. Konishi. Peeling the onion of order and chaos
in a high-dimensional Hamiltonian dynamical systems. Physica,
D 71:146–167, 1994.
[Lar95] Richard B. Larson. Star formation in groups. Monthly Notices of
the Royal Astronomical Society, 272:213–220, 1995.
[LSR84] M. Luwel, G. Severne, and P.J. Rousseeuw. Numerical study of
the relaxation of one-dimensional gravitational systems. Astro-
physics and Space Sciences, 100:261–277, 1984.
[Mil96] B.N. Miller. Source of relaxation in the one-dimensional gravi-
tating system. Physical Review E, 53:R4279–4282, 1996.
[NTHN98] Yasushi Nakajima, Kengo Tachihara, Tomoyuki Hanawa, and
Makoto Nakano. Clustering of pre-main-sequence stars in the
Orion, Ophiuchus, Chameleon, Vela, and Lupus star-forming re-
gions. The Astrophysical Journal, 497:721–735, 1998.
[RJF91] J. L. Rouet, E. Jamin, and M. R. Feix. Fractal properties in
the simulations of a one-dimensional spherically expanding uni-
verse. In A. Heck and J. M. Perdang, editors, Applying fractals
in astronomy, Berlin, 1991. Springer-Verlag.
11
[RJM88] C.J. Reidl Jr. and B.N. Miller. Gravity in one dimension: quasi-
equilibrium. The Astrophysical Journal, 332:619–636, 1988.
[Ryb71] George B. Rybicki. Exact statistical mechanics of a one-
dimensional self-gravitating system. Astrophysics and Space Sci-
ence, 14:56–72, 1971.
[TGK97] T. Tsuchiya, N. Gouda, and T. Konishi. Chaotic itinerancy and
thermalization in one-dimensional self-gravitating systems. As-
trophysics and Space Science, 257:319–341, 1997.
[TM00] Takayuki Tatekawa and Keiichi Maeda. Primodal fractal den-
sity perturbation and structure formation of the universe: 1-
dimensional collisionless sheet model. astro-ph/0003124, 2000.
[YGS92] T. Yamashiro, N. Gouda, and M. Sakagami. Origin of core-halo
structure in one-dimensional self-gravitating system. Progress of
Theoretical Physics, 88:269–282, 1992.
12
